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Abstract
I simulate the behaviour of molecules under the influence of the Lennard-Jones potential. It is seen
that the velocities in the simulation are in accordance with the Maxwell distribution. With this confidence
I initialize a 2 dimensional random configuration of molecules with high initial density and low energy
and observe that they form a regulare triangular lattice. The molecules are then ’heated’ and it is seen
that they first change lattice structure and when temperature crosses a threshold, they ubruptly break
away from their lattice and act like a liquid.

1

A mechanical Sysem

In this simulation we directly find the position of each molecules at every time step by calculating the
acceleration it experience due to the forces from the Lennard-Jones potential due to the surrounding particles.
That is Newtons second law is used for each molecule. It is a classical simulation and also computationally
intensive. However, it gives us alot of information about the system and so we can analyze it in many ways.
The melting transition will be studied in this case.

1.1

Lennard-Jones Potential

The Lennard Jones Potential is comprised of two contributions, a Van der Waals component and an electrostatic repulusion component. At long ranges the attractive Van der Waals force can be approximated as r16
whereas at short ranges the electrostatic repulsion between the electron clouds of the atoms is approximated
by r112 . Combining the two results in the Lennard-Jones Potential
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As we know that the force is simply −∇V we see that the force exherted by particle j on particle i turns
out to be (we take , σ = 1).
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First a few words on the dimensions and scale. We can make a few simplifications to help ease the
simulation process. Firstly we rescale the distance and he potential to be r? = σr and V ? = V (r)/. This
means we will measure distances and energies in units of σ and  but this transfortmation removes both
these variables from our equations..
To calculate these forces we simply need the distance between the two particles. Periodic boundary
conditions were used to represent an infinite lattice to make the simulation more accurate. However this
slightly complicated finding the distance between the two particles. As the lattice was repeated again
periodically it is not nessacary that the distance between two molecules is shortest in the instance under
observation. Actually the minimum distance (for now in the x direction) can be any one of xi −xj , L+xi −xj
or −L+xi −xj , where L is the length of the simulation area and xi is the x coordinate of the ith particle. It is
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the same for the y direction. Also all nine combinations of these distances exist due to our periodic conditions.
Hence, I first find the minimum of ∆x and ∆x and then find ∆R using them, instead of calculating each
instance of ∆R. Lastly, the small random deviations while initializing the particles is important in this step
as otherwise one may get the same ∆R in some cases which will cause problems.
Note: for some reason repeated elseif commands did not work i.e. FORTRAN would not enter them even
if conditions were met. Hence multiple IF loops were defined.

1.2

The Vertlet Algorithm

Now that we know what is the force felt by each particle we can find the acceleration and hence their new
positions. First we would like to sum over all the forces to find the acceleration (the mass is taken to be 1).
X
aix =
−fij cos(θij )
(3)
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where cos(θij ) = rδx
ij
Here we have to correct for another problem. A negative force is conventionally taken to be attractive
and that is how we have defined it so far. In this case we note that if the particle is far Fij is negative
(attractive) and δx is negative the acceleration will the in the +x direction. As we want the acceleration to
the negative we simply multiply by -1. This makes our results consistant with what we want in all cases.
Now that we know the acceleration we can update the particle position using the Vertlet Algorithm. It
has the benefit of a smaller error term than the simpler Euler method yet requires fewer calculations than
more advanced techniques. As molecular dynamics simulations require both speed and accuracy this is an
ideal algorithm to use. We begin with the Taylor expansion of x(t + ∆t) and x(t − ∆t).
x(t + ∆t) = x(t) +

dx(t)
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adding these two together we get the expression for Vertlet integration.
x(t − ∆t) = x(t) −

x(t + ∆t) = 2x(t) − x(t − ∆t) +

d2 x(t)
(∆t)2 + O(∆t4 )
dt2

The velocity is not needed to compute the position but is computed alongside using the central difference
approximation to the derivative
x(t + ∆t) − x(t − ∆t)
v(t) =
2∆t
The code for these functions are given in .
Lastly when a particle crosses the boundary of the box it reappears on the other side. Both the current
position and the previous one is teleported as the Vertlet algorithm uses both in the calculation of the next
position.

2

Simulation Setup

The simulation was carried out in FORTRAN 90. While it provides excellent computational power, which is
required for such a simulation which has a moderate number of particles, it is a tedious expedition to code in
it. It was compiled in gfortran and plots made in gnuplot. The molecules were initialized at equal distances
in the space in both directions and then displaced by a small amount in a random direction. Also due to
the periodic boundary condition if a particle went out of one edge it would reappear at the opposite side.
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Equipartition

I now run the code and present some of the results and see whether the simulation represents real molecules
in some ways. The code is run for a few seconds for 16 particles in a 5 unit length square box. For this initial
test ∆t = 0.02. The molecules are given a velocity of 1 unit/second in a random direction. The molecules
move around as expected and one can see attraction between molecules at a distance, collisions at small
distances and boundary conditions in play clearly in Figure 3.

Figure 1: Spatial movement of molecules
We would like to know if these molecules behave as matter. One thing we can check (which is also essential
for melting which is the main part of this report) is whether the simulation will follow the equipartition
theorem. If it did then it would follow Equation 4. I have been a little incomplete and just checked it for
vx (t) but by symetry we can argue it should also be true for vy (t) . The below equation should hold for
vx ,vy and v(t).
P (vx ) =
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B
e
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(4)

To test this the simulation was run for 30 seconds during which the x component of the velocities of the
particles were sorted into 0.5 units/ second compartments for every iteration and counted. For example I
counted the number of particles that had velocity between 0.5 units/second to 1 unit/second were counted
during the 10-20 second period, normalized and then plotted this result at the midpoint i.e. 0.75 units/second.
The complete result for this is shown in Figure 2. An exponential is approximatly manually fitted to these
curves whose analytic form is shown in Equation 5.

Figure 2: Velociy distribution follows a Maxwell distribution.
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Here m = 1, kB T = 2 and Cx = 0.3/ 2. Due to the close fit I can safetly say that the particles follow
the equipartition theorem and we can use it to calculate the temperature. In Monte Carlo simulations we
assume that the system is in equilibrium and specify conditions according to that. Here however we started
away from equilibrium (all particles had the same velocity). We see that the system truly behaves as a
micro canoical ensemble and achieves equilibrium. Note: the end points of each curve represent all velocities
greater or less than 2 units/second and hence the value is greater than expected.

4

A Solid Simulation

The first step in visulasing the phase change from solid to liquid is to simulate a solid. 16 points are generated
in a equally spaced square grid (with slight random pertubations), in a 4x4 space. The trajectories are then
followed over time and are shown in Figure 3.

(a) 0<time<0.1

(b) 0.2<t<1

(c) 3<t<4

Figure 3: Even though the system is initially (a) in a square grid it soon reaches its lowest energy configuration
of a triangular lattice in (c). ∆t = 0.0005, any larger and there is a chance that the results diverge.

4.1

Density

As we know that high density charachterizes solids I would like to know how this effects us in this case.
Figure 4 showcases some of the effects of varying initial density. As one can guess low at low densities solids
do not form at all. At medium densities one can see partial formation of solids for example in 4(c). At
high densities we can see the formation of solids which also maintain their traingular lattice as it is the
lowest energy state for the Lennard Potential. We can see that for a density of 1 molecule per unit are the
intermolecular spacing is 1.2σ and for 1.8 molecules per unit area it is 0.75σ.
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Melting

We have looked into how density effects the formation of a solid or liquid phase. In this section we will look
at how ’temperature’ effects the bulk structure of the molecules and further classify what we can a liquid
and what we should call a solid.

5.1

Heating

We can heat the molecules by rescaling their speed directly. However, as speed is not used to calculate
the new position in this case we can implicitly increase the speed by adjusting the previous position of the
particle. If we take the particle twice as far in the previous time step it means that the particle had twice
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(a) 16 particles in a 3x3 grid from t (b) 16 particles in a 6x6 grid from t (c) 16 particles in a 5x5 grid from t
= 3 - 4 seconds shows formation of a = 3 - 4 seconds. Solid does not form = 3 - 4 seconds. Partial formation of
dense solid.
due to low density.
solid can be seen.

(d) 25 particles in a 5x5 grid from t
= 3 - 4 seconds. Same density as Figure 4 shows repeated result to further
validate simulations.

Figure 4: Different initial densities have a stark effect on the final configuration of the phase.
the velocity to cover twice the distance in the same time. In general if we want to rescale the velocity by G
we can use Equation 6.
→
−
−
−
−
r i (t − 1) = →
r i (t) − G(→
r i (t) − →
r i (t − 1))

(6)

In my simulation I heated the solid by rescaling the velocity at times by a factor of 1.5 at each time. We
assume that the increase in kinetic energy will be redistributed among the particles and we can calculate
the temperature using Equation 7. Doing so results in a temperature increases shown in Figure 5(a). We
see that this fluctuates a lot but over some mean value. To make the temperature more clear we replot the
average temperature over 1 second in Figure 5(b) .
T emperature =

(a) Increase in temperature with time

1
m
< (vx2 + vy2 ) >
kB
2

(b) Temperature here is the average value
of previous 1000 iterations or 1 second to
smoothen the graph

Figure 5: Temperature vs. time plots.
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6
6.1

Analysis
Visual

We now look at how the increase in temperature effects the bulk structure of the molecules. First I visually
look at how the molecules behave at different time intervals during the heating process. This can be seen in
Figure .

(a) time = 8 - 10, temp ≈1

(b) time = 18 - 20, temp ≈ 2

(c) time = 28 - 30, temp ≈3

(d) time = 38 - 40, temp ≈7

(e) time = 48 - 50, temp ≈13

Figure 6: Spatial spread of molecules over time at different temperatures
From this spread we can see a few things. Firstly there is a change in the structure even when it is
preserved. The planes of of the solid change from (a) to (b) and then back to the first structuer at (c).
While this does not change the bulk properties these changes do have an influence on the properties at the
edge of the solid. This is more clearly shown in Figure where the three images are superimposed onto each
other.
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Figure 7: Changes in the planes of the solid with varying temperature.

6.2

Mean square displacement

While it is clear that the regular triangular structure is broken we would like to somehow quantify the extent
of this and see at which point we can classify the structure as a liquid. The first way to do this is to see
how far the particle travels from its mean position. To do so I store the position of each particle at time = 4
seconds. I then calculate how far each of the molecule is from this position (square of the displacement) and
then average over all of them. The result is shown in Figure 6.4 . Although the vibrations increase as was
clear in the earlier pictures also we can see a very large change in the behaviour after time becomes greater
than 40seconds. As this is from the same run we know that at this point we heated the system to about
thirteen units. We can safely say that the melting point lies between 8 and 14 reduced units of temperature.
A second studay can repeat these measurements by making this region more sensitive.

Figure 8: Time vs. < r2 >. Clear qualitative change in the displacements after time passes 40 seconds

6.3

Pair Correlation Function

Another way to analyze structure is to see where the nearest neighbours of a particle are. The approach
taken here is sort of a raw form of the pair correlation function. In that bins are assigned to small ranges
of the distance and then the amount of particles that fall in these bins are counted and plotted in a similar
way as we did earlier for the velocities. Here I directly plot the molecules at whichever distance they are
and visually try to ascertain where the peaks are placed. A possible problem with this is that if there is
too great a concentration of points they will all be plotted over each other hence it will become hard to
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distinguish the scale of the difference of peaks. To combat this the plots are not made after every iteration
but after 75 and 200 iterations to keep the figure clear. Here I take particle number seven and seen how
far each of the other molecules are at each time step. The result is shown in Figure 9. Initially there are
two distinct peaks at about 1σ and 2σ with a third weak peak near 2.7σ which tell us that the particle
is part of some ordered structure. However, as it is heated these peaks dissolve away slowly into a more
uniform distribution. However this analysis tells a slightly different story than the previous one. The peaks
become broader before the solid is heated to 14 units of temperature but even after this stage there is a
large concentration of the molecules present around those positions. This means that some of the structure
is maintained even at this temperature.

(a) Plots at every 75 iterations. ∆t = 0.0005

(b) Plots at every 200 iterations.

Figure 9: Distance of molecules from molecule ’7’ vs. time.

6.4

Diffusion Coefficient

The molecules in the solid state have limited movement and so have a very small diffussion coefficient. This
coefficient rises ubruptly with the change in state. We can see it as a third measure of when the phase change
is happening. This will help tell us whether or not actual mixing is occuring before t=40 secnds as shown in
Figure 9 or molecules are just vibrating very fast and more than before as suggested in Figure 8. Diffusive
processes approximatly follow Equation 8 where D is the diffusion coefficient.
(∆r)2 ≈ Dt
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Figure 10: Superposition of the same molecule at different times.
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Conclusion

I conclude that as energy is increased a little the lattice becomes dynamic. At lower temperatures while the
molecules maintain their triangular lattice structure they move enough to change their planes of symmetry.
As this temperature is increased the molecules still maintain some structure as evident by Figure 9 but are
allowed to move even more which results in the sharp fluctuations in Figure 8. We may call this now a
liquid as its molecules are allowed to wander completely. Yet we see that even this liquid has some inherrent
regular structure, perhaps simply due to the fact that no two molecules can come closer together than 1
unit. The fact that this remains is perhaps why it seems like the solid has not completely broken down.
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